ANALYTIC
'l‘lll(r()\‘(“ll“’l‘ll\’

v




"'This Slideshow was developed to accompany the textbook
> Precalculus
» By Richard Wright

>

4 Some examples and diagrams are taken from the textbook.
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| 23 5-01 FUNDAMENTAL TRIGONOMETRIC
< IDENTITIES PART A
"'Uses for identities
» Evaluate trig functions
» Simplify trig expressions
» Develop more identities

» Solve trig equations
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"*'Reciprocal Identities

Asinu = p—

CSCU = —;
sinu

AcCosu = sec 1

Afanu = F——

Secu =
cosu

cotu =
tan u

a Quotient Identities

sinu
Afanu = -~

Colored ones should be memorized.

9-01 FUNDAMENTAL TRIGONOMETRIC

IDENTITIES PART A

» Pythagorean Identites

2u=1

2

asin? u + cos
satanu + 1 = sec
21+ cot?u = csc?u

u




9-01 FUNDAMENTAL TRIGONOMETRIC
IDENTITIES PART A

ven/0Odd Identities s Cofunction Identities
acos(—u) = cosu

- T
ASll’l(;-'u,) = Cosu

sasec(—u) = secu

asin(—u) = —sinu
stan(—u) = —tanu
acsc(—u) = —cscu
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acot(—u) = —cotu




| 3  5-01 FUNDAMENTAL TRIGONOMETRIC

gl IDENTITIES PART A
"™'fsin® = —1and cotd = 0, a Evaluate tan 8

evaluate cos 6

‘0 = cos @
coty = sin @
_ cos @
-1
0 = cos@
tan @ =
an cotd

tanfg = 0" undefined



€& 5-01 FUNDAMENTAL TRIGONOMETRIC
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sec? x—1

-
a Simplify

sin? x

sec’x — 1

sin? x
(1+tan?x) -1
sin? x
tan? x

sin? x

sin? x 1
cos? x / sin? x
1

cos? x
sec? x




' % 5-01 FUNDAMENTAL TRIGONOMETRIC
o~ IDENTITIES PART A
"'Simplify sin ¢ (csc ¢ — sin @)

sin ¢ (csc ¢ — sin @)
sin ¢ csc g — sin? ¢

1
sing | — —sin? ¢
sin @

1—sin? ¢
1—(1—cos?¢)
cos? ¢




9-01 FUNDAMENTAL TRIGONOMETRIC
IDENTITIES PART A

1 —sin?x

csc?x—1
cos? x
(cot2x+1) -1
cos? x

cot? x
cos? x

cos? x
sin? x

5 sin? x
cos? x >
cos? x

sin? x
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= Simplify cos (% — x) (secx)

cos <g - x) (secx)

sin x secx
1

_COSX
sin x

sin x

COS x
tan x
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€& 5-02 FUNDAMENTAL TRIGONOMETRIC
&l IDENTITIES PART B

"*'Factor and simplify sin* x — cos* x

sin* x — cos* x
(sin? x)? — (cos? x)?
(sin? x — cos? x)(sin? x + cos? x)
(sin? x — cos? x)(1)
sin? x — (1 — sin? x)
2sin?x —1

13



€& 5-02 FUNDAMENTAL TRIGONOMETRIC
&l IDENTITIES PART B

"*'Multiply and simplify (2 cscx + 2)(2 cscx — 2)

(2cscx +2)(2cscx — 2)
4csc’x — 4
4(csc?x —1)
4((cot?x + 1) — 1)

4 cot? x

14



9-02 FUNDAMENTAL TRIGONOMETRIC
IDENTITIES PART B

COS X 1+4sin x
+sin x COS X

COS X 1+ sinx
1+sinx Ccos x
cos? x (1 + sinx)?

(1+sinx)cosx (14 sinx)cosx
cos?x + 1+ 2sinx + sin®x

(14 sinx) cosx
(1 —sin®?x) + 1+ 2sinx + sin? x

(14 sinx) cosx
24+ 2sinx

(14 sinx) cosx
2(1 + sinx)

(14 sinx) cosx

CcoS X
2secx
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€& 5-02 FUNDAMENTAL TRIGONOMETRIC
&l IDENTITIES PART B

- . .
s Rewrite not as a fraction:

sec x—tan x

3

secx —tanx
3(secx + tan x)

(secx —tanx)(secx + tanx)
3(secx + tan x)

sec? x —tan? x
3(secx + tan x)

16



€& 5-02 FUNDAMENTAL TRIGONOMETRIC
&l IDENTITIES PART B

X Use trig substitution: Vx? — 9 with x = 3sec

Vvx%2 -9
J(BsecH)? -9
V9sec?6 -9
V9(sec26 —1)

v9tan? 6

3tané

17
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15-03 VERIFY TRIGONOMETRIC IDENTITIES

»*Show that trig identities are true by turning one side into the

other side

4 Guidelines

1.

Work with 1 side at a time. Start with the more complicated
side.

Try factor, add fractions, square a binomial, etc.

Use fundamental identities

If the above doesn’t work, try rewriting in sines and cosines
Try something!

19



19-03 VERIFY TRIGONOMETRIC IDENTITIES

"Verify (1 + sina)(1 — sina) = cos?

(1+sina)(1 —sina)
1 —sina + sina — sin?
1 —sina
1—(1-cos?a)

cos? a

20



w&10-03 VERIFY TRIGONOMETRIC IDENTITIES

"'Verify sin? @ — sin* @ = cos? a — cos* «

sin? @ — sin* «
sin? a (1 — sin? a)
(1 —cos?a)(1— (1 — cos?a)
(1 — cos? a) cos? a
cos? a — cos* a

21



]
w&19-03 VERIFY TRIGONOMETRIC IDENTITIES

P cot t

ot
csct

a Verify = csct —sint

cot?t

csct
csc?t—1

csct
csc?t 1

csct csct
csct —sint
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w&10-03 VERIFY TRIGONOMETRIC IDENTITIES

= Verify

sec x tan x

= CcSCXx — Sinx

1

secx tan x
CoS x cotx

(cos x) (cos x)
1 sin x

cos? x

sin x
1—sin?x
sin x
1 sin? x

sinx sinx
cscx — sinx

23
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w&19-03 VERIFY TRIGONOMETRIC IDENTITIES

cos @ cot @
———  — 1 =cscf
1-sin 6

= Verify

cos O cotd
1—sinf

<cos 9) (cos 9)
1 sin 6

1—siné

cos? 6
sin 6
1—sin@
cos? 6 )
sinf (1 —sin 6)
1 —sin? 6 )
sinf (1 —sin 6)
(1—-sin6)(1 +sinb)
sinf (1 — sin 0)
14 sin6

-1

sin@
1 +sin0
sinf sin@
csc0+1-1

24



csco
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9-04 SOLVE TRIGONOMET
EQUATIONS
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wer 5-04 SOLVE TRIGONOMETRIC EQUATIONS

**'Main goal - Isolate a trig expression
» Try identities to simplify
» Try solving by factoring

a Number of solutions
»sinx =0
» Infinite solutions so describe

»0 +nm =nm

26
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w&! 0-04 SOLVE TRIGONOMETRIC EQUATIONS

"*Solve sinx — V2 = —sinx

—V/2 = —2sinx
V2
> = sin x
Use a unit circle to find solutions
=2, 2E 42
X = 2 n, 2 mn

27
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w&! 0-04 SOLVE TRIGONOMETRIC EQUATIONS

"'Solve 4sin?x —3 =0

4sin?x =3

sin“ x =

sin x
Use a unit circle to find the solutions

I
-+

wn
2
=
Il
I+
Nl o bl

T 4 2m N
XxX=—=+4nn—+nn
3 3
It is +7tn because solutions are directly opposite each other on the circle so that
adding m moves to another solution.
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Solve sin? x = 2sinx

2

sin“x —2sinx =0
sinx (sinx —2) =0
sinx =0 sinx —2=0
Use a unit circle for each equation to find the solutions
x=0+4+mn x = No Solution

Only solutionis x = mn

29
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w&! 0-04 SOLVE TRIGONOMETRIC EQUATIONS

"'Solve 3sec?x —2tan?x —4 =0

3(tan?x +1) —2tan’x—4=0
3tan?x+3 —2tan?x—4=0
tan’x—1=0

tanx =1
tanx = -_H/T
tanx = +1
Use a unit circle to find all the soutions
T 4 3n 4
x=—+7nn—+nn
4 4
n+nn
X=—4+=
4 2

30
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w&! 0-04 SOLVE TRIGONOMETRIC EQUATIONS

Solve in the interval [0, 21)
asinx +1 =cosx

(sinx + 1)? = cos? x

sin?x + 2sinx + 1 = cos

sin?x + 2sinx+1=1—sin
2sin?x + 2sinx =0
2sinx(sinx+1) =0

2y

2 x

sinx =0 sinx+1=0
sinx = —1
Use a unit circle for each equation to find all solutions between 0 and 21t
3
x=0,1 X = >

31
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we&! 0-04 SOLVE TRIGONOMETRIC EQUATIONS

**'Solve on the interval [0, 21)

: V3
Asm2x=7

V3

in2x = —
SIn 2ZX >

Use a unit circle to find all the solutions. Because 2x, you need to go around circle
twice

T
2X—§,?,?,? (+2TL’1’1)
mT 7T 4w
*T%6'37%6 3

32
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we&! 0-04 SOLVE TRIGONOMETRIC EQUATIONS

"M'Solve 4tan?x + Stanx = 6

Quadratic type

4tan’x 4+ 5tanx —6=0
(tanx + 2)(4tanx —3) =0
tanx+2=0 4tanx —3 =0
tanx = —2 4tanx = 3

tanx =

AW

Use a unit circle for each equation

3
x = arctan(—2) + nn X = arctan (Z) + mn

33
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9-05 SUM AND DIFFERENCE FORMULAS

’*sin(u + v) = sinucosv + cosusinv
asin(u — v) = sinucosv — cosusinv

acos(u+v) =cosucosv —sinusinv
acos(u—1v) =cosucosv+sinusinv

tan u+tanv
* tan(u T 17) - 1—-tanu tanv
tan u—tanv
astan(u —v) = ——
( ) 1+tanu tanv

35
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9-05 SUM AND DIFFERENCE FORMULAS

"®'Use a sum or difference formula to find the exact value of

tan 255°

tan 255° = tan(225° + 30°)
tan 225° 4+ tan 30°

1 —tan 225°tan 30°

)

v3
3

w |

+
/N

=

3
3_
3
3+vV3 3
3 3-43
3+\/_

\/_
(3+\/_)(3+\/_)

~ (3-v3)(3+V3)

>

36



_9+6V3+3

9-3
_12+6V3

6
=2++3

36
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w& 905 SUM AND DIFFERENCE FORMUILAS

"*'Find the exact value of cos 95° cos 35° + sin 95° sin 35°

cosucosv + sinusinv = cos(u — v)
cos(95° — 35°)
cos(60°)
1

2

37
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@ 5-05 SUM AND DIFFERENCE FORMUIAS

a Derive a reduction formula for sin (t + g)

int 7T+ tsi z
sint cos— + costsin—
2 2

(sint)(0) + (cost)(1)
cost

38
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"*'Find all solutions in [0, 2m)
[ T
Acos(x—g) +cos(x+§) =1

(x=5) #eos(x+5) =1
CoS | X 3 COoS | X 3—

T . . T T . . T
(COSXCOS;-}- smxsm§> + (COSXCOSg - Sll’lXSlIlg) =1

2 —=1
COSX’COS3

1
2(cosx)§ =1

cosx =1
x=0
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9-06 MULTIPLE ANGLE FORMUILAS

**Double-Angle Formulas

Asin2u = 2sinucosu

2 2

ACos2u = cos“u —sin“u

A =2cos?u—1
A =1—2sinu
2tanu

Atan2u = >
1—-tan< u

These come from the sum formulas where u =v

41



9-06 MULTIPLE ANGLE FORMUILAS

[ : 3
'?Ifsmuzgand0<u<§, 4 Cos2u

4 Find sin 2u

Use a right triangle in the first quadrant withy=3 andr=5to findx =4

sin 2u = 2sinucosu

3

cos2u =1-—2sin?u
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9-06 MULTIPLE ANGLE FORMUILAS

Derive a triple angle formula for cos 3x

cos 3x = cos(2x + x)
= €0S 2x cos X — sin 2x sin x
= (2cos? x — 1) cos x — (2 sin x cos x) sin x
= 2 cos3x — cosx — 2sin? x cos x
= 2cos3x — cosx — 2(1 — cos? x) cos x
= 2cos3x —cosx — 2cosx + 2 cos> x
=4 cos3x —3cosx

43
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**Power-Reducing Formulas
1-cos2u
2

asin?u =

acos?u = ”

atany = 1—cos 2u
1+cos 2u

44



9-06 MULTIPLE ANGLE FORMUILAS

|

Rewrite cos* x as a sum of 15t powers of cosines.

cos* x

cos? x cos? x

1+ cos2x\ (14 cos2x
2 2

1+ 2 cos 2x + cos? 2x

4
1+ 2cos2x + 1+ cos2(2x) CO; 2(2x)

4
24+ 4cos2x + 1+ cosdx

8
3+ 4cos2x + cosdx

8
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9-06 MULTIPLE ANGLE FORMUILAS

**'Half-Angle Formulas 4 Find the exact value of
cos 105°

1-cosu

... u
AsmE:i

Pick the negative because 105° falls in quadrant Il where cos is negative

46
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" Product-to-Sum Formulas

asinusinv = %(cos(u —v) —cos(u + v))

ACOSUCOSV = %(cos(u —v) + cos(u + v))

asinucosv = %(sin(u + v) + sin(u — v))

acosusinv = %(sin(u + v) — sin(u — v))
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"®'Rewrite sin 56 cos 36 as a sum or difference.

1
E(sin(SB + 36) + sin(50 — 36))

1
> (sin 86 + sin 20)

49
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"'Sum-to-Product Formulas

u+v
Asmu+smv—251n( . )cos(
u+v u
Asmu—smv-Zcos( . )sm(

u+v
Acosu+cosv = 2cos (T) COS(

u+v .
ACO0SU —cCOoSV = —ZSIH( 2 )Sll’l(

50
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"*'Find the exact value of sin 195° + sin 105°

. (195°+ 105° 195° —105°
2sin ——  —Jeos|{——

2 sin 150° cos 45°

fie

51
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w ! 507 PRODUCT-TO-SUM FORMUILAS
4

Solve on the interval [0, 21)
asin4x —sin2x =0

5 4x + 2x\ . (4x — 2x —0
cos > sin > =
2cos3xsinx =0

cos3x =0 sinx =0
Use a unit circle for each equation. The cos 3x needs to be gone around 3 times

3x==,—0, =, = =

2;2)2;2;2;2 X=0,TC
o 3m 57 7m 9w 11w
X666 66 6

nnw 5n 7m 3w 11w

76276626

52
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- .. Sin 6x+sin 4x
a Verify ———— = tan 5x

COS 6x+cos 4x

sin 6x + sin 4x

cos 6x + cos 4x
. <6x + 4x) <6x — 4x>
2 sin > cos )

<6x + 4x) <6x - 4x)
2 cos 5 cos 5

2sin 5x cos x

2 cos 5x cosx
sin 5x

cos 5x
tan 5x

53



